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Formal connections

Let V = d—C2 be a formal connection. Formal differential 1-form

d(z; — 2.
{i,5}C{1,2,...,n} Zp — %5

is the meromorphic 1-form on C"™ with formal coefficients Bz-j.
Forms w;; = % depend only unordered pair points z; and
? J

;. We suppose that Bz-j — sz-. As well-known constant formal

coefficients Bz-j may be interpreted as chord diagrams.



Integrability of formal connections

Frobenius condition of the integrability

dS2 = QN2

of formal connection V is equivalent two equalities d€2 = 0 and

QA2 =0 or to the following relations

[Bij, Br] = 0,for {i, j} N{k, I} =0; (R1)

[Bij, Bji + Bi] = 0,for i # j # k. (R2)

Here [A, B] = AB — BA. Second series of relations (R2) coincide

with 4-term relations for chord diagrams B;;.



Parallel transport of formal connections and Kontsevich integral

Basic ingredient of Kontsevich integral is the parallel transport

To(M =1+ [+ [ Qo+
g g
of integrable formal connection V = d — £2. Here ~ is a path in
C"\ Ujzj{z; # 2j} presenting a braid. Summands [, ()", r =

1, 2,... are the r-iterated Chen integrals

T
/(Q) — E, Bpl,Q1Bp2,q2"'Bpr,qr/ Wp1,q1%Wpo,qo - - - Wpr,qrs
v P1<91,Pp2<q2 ...pr<qr 2



where

/prl’qleQ’QQ - Wprgr =
- /Ar f1(t1) fo(to) - fr(tr)dtidts...dty =

= [ [P ntndn paedi)dts g s

Here
A" ={(t1,t2,...,tr)|0<t; <<t < ... <ty <1 CR"} =
is r-simplex in affine space R" and

7*(")295,(]3 — fS(t)d t

is differential 1-form on segment I = [0, 1].



The value of the parallel transport Ty () of integrable connec-
tion V depends only from the homotopic class of the path ~

with fixed ends.

Parallel transport Ty possesses the multiplicative property

Ty (v172) = Ty (v1)Tv (72),

when the product ~q1vo is defined.



Representations of pure braid groups in chord diagram algebras

Let Chyp = C[B;;, 1 <1 # j < n]/J be chord diagram algebra.
Ideal J in the polynomial algebra of non-commutative variables
C[B;j, 1 < i # j < n] is generated by terms [B;;, By, {3, j} N
{k, 1} =0; [B;j, Bjr+ By i #j # k. Denote C{ the complement
Cy = C"\ Ui<i<j<nizi — 2 = 0} of the C™ to the union of diag-
onal hyperplanes z; — z; = 0. Take 29 = (1,2, ...,n) € C}. The
restriction of the parallel transport Ty of integrable connection
V on the loop space £2,,CY! defines a representation py of the

fundamental group w1 (C%, zg).



This fundamental group is isomorphic to the pure braid group
P,

We obtain the representation

pv:Pn—>67Ln

in completed chord diagram algebra Chy, = C << Bij, 1 <117

j<n>>/J

Since Kerpy = 1 (T.Kohno) then py is full invariant of pure

braids with values in the algebra Chnp.



T hree-point analog of the Kontsevich integral

V.O.Manturov proposed to consider the formal connections with
forms
$2 = )3 Ajjk Wik
{i,j5,k}C{1,2,...,n}
where meromorphic 1-forms

d(z; — zj;) n d(z; — z1) n d(z; — 21)

Zz'_zj zj—zk 2 — Rl

Wijk =
depend only from unordered collection of three points z;, z;, zj

and A;;, are formal coefficients with unordered collections of

subscripts.



The integrability condition of this connection may be obtained
by rewriting of the form €21 as $23 = > q; iyc(1,2,..., n}) Bijwij.

Here

n
Bij= >  Ayr
r=1,r#i,j

Then relations on A;;, (threesecant - in Manturov terminology)

are equalities

n n

[ Z Aijrv Z Aklm] = 0, {7:7 ]} M {kv l} = 0. (R?’)

r=1,r%*1,j m=1, m*k,l

mn mn mn
[ > Aipe D>, Apgt+ D, Al =0, i#EjEEk
p=1,pFi,j q=1,q7%j, k r=1,r%i,k

(R4)



In particular case n = 4 we have relations:
[A123 + A124, A134 + A234] = 0;
[A123 + A134, A124 + A234] =0
[A124 + A134, A123 + A234] = 0;
[A123 + A124, 24123 + A134 + A234] = O;

(A103 4+ A104, 2A104 + A134 4+ An34] = 0,

[A123 + Ao34, 2A234 + A104 + A134] = 0;

[A103 + A234, 2A123 + A134 + A234] = 0.



Representation of the P, in threesecant algebra

Define the threesecatnt algebra as quotient of algebra non-

commutative polynomials

where Jj is ideal generated right sides of relations (R1) and (R»).
The completed the threesecatnt algebra is following quotient-

algebra

TSn=C << Agjg, {i,§ k} C{1,2,...,n} >> /J1,

Parallel transport Ty, of the integrable connection Vi =d — €2

with form €2; under restriction on the loop space €2.,C} defines



a representation py, of pure braid group Pp in the completed
threesecant algebra, i.e the associative algebra of series from

non-commutative variables A, with relations (Rq) and (R»)

pV]_Pn—>,‘Z/—1§n’

Let a path vy € €2,,C} defines a braid b € P, We call the value
Ty, (v) = py,(b) the three-point Kontsevich integral for braid b.



Generators and relations of pure braid group P,

Let L be some line in affine space C", intersecting all hyperplanes
H;; = {z € C"|z; = 2;} in general position. Denote p;; =1NH;; €
L points of intersection L and H;;, 1 <1i<j < n. Take loops ;;
on L with initial point p # p;;,1 <i < j < n, [ single around about
pij- We suppose that loops v;; Nvrs = p, {3,5} # {r,s}. Loops
vij, 1 <1 <j < n present a system of free generators b;; in free
group m1(L\{pi;, 1 <i<j < n},20) and a system of genera-
tors b;57 in pure braid groups PBy, = m1(C%, 20 = (1,2, ..., n)).
Relations in PBy correspond loops in a transversal plane to the
line L. These loops go around about points of intersection of

hyperplanes H;;, and H; ;.



Generators and relations of Birman-Ko-Lee:

bijbkl:bklbij7 < J<k<linmi<k<l<y,
bijbikbjk = bigbjrbij, 1 < g <k

b;1bk1bikbjr = bjrbikbribjy, © < g <k <L

Artin generators and Birman-Ko-Lee generators

bij = Aji+1Ai+1,i42 - Aj—1,5-



Manturov group G3

The Manturov group G,,% is defined as a group with generators

a;iks 1%, 3, k} C {1, 2, ..., n} and relations
2 _
awk == ].7
a;jkApgr = apgraik, if [{B, 7, k} N{p, ¢, r}| < 1,

(a'jkla'ikla’ijla’ijk)z — 17 for \V/{Z,j, kal} C {17 27 ceey TL}



Manturov-Nikonov representation of pure braid groups

Manturov-Nikonov defined the homomorphism ¢, of the pure

braid P, in the group G by values on generators b;;

1 1 2
en(bij) = Cyyq - Ci1CCi—1 - - - Cii4 1 (1)
rage

n

7—1
cij = I ayr 11 ain (2)

k=j+1 k=1



Realization of ¢, (b;;) as values parallel transport

Let v;; € €2,,CL be loops presenting generators b;; of the Py.
There are exist a thresecants A, in the group algebra C[G3] is

the group algebra of the Manturov group G;Q;, such that we have

equalities Ty, (v;5) = varphin(b;j).



Lappo-Danilevskii inversion method

Let us consider the group algebra g3 = C[G3] as Lie algebra
with respect ordinary Lie bracket [a,b] = ab — ba. Universal en-
veloping algebra U(g3) is isomorphic to C[G3]. Let @ be the
completion of the C[G3] by the augmentation ideal n J C C[G3],
generated elements a g — 1, g € G5. We will look for B;; in the
ideal J c C[G3].

Consider the system of equations

©on(bij) = Ty (Vi)



or

Ci_z'1+1-“Cz'_jl—lcz?jci,j—l--~Cz',z'+1:1+/ Q+/ QQ+--~+/ QA ..
) ) /77/] /7

7 '77@‘

Rewritten last system

1 1 2 .
Crig1Cig1(cij=eij—1---Ciit1 = D Bpg / wpgt ). BpgBrs / Wt

p<q Yig p<q,7<s Yig
Tt Z Bp1,q1Bp2,q2 - Bpm,am / - Wp1,q1%p2,q2 - - - Wpmygm T
P1<q1,02<q92 ...pm<gm Vig
d _
Here w., — Xzp—2q)
pd “pT2q

By theorem about inverting formal series (then the matrix of the

linear part is invertible) we obtain series for Byq, p < q as series



: _ -1
from left parties M;; = Ciid1 - Cij 1(% 1)cij—1---¢ii41 OF

equations above.



Integrability of the formal connections

Integrability of the connection V = d — 2 may extracted from

generating commutator relations of the F,,.

We obtain the formal connection Vi = d—£27 solving the system

of the linear equations
n
Bij= 2. Air
r=1,r%1,j

The integrability of the V implies the integrability of the V;.

Thus we obtain realization

pcbij) = pv,(bij)



of the representation ¢, as the monodromy representation of a

integrable connection.
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